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Abstract. Five-dimensional collective Hamiltonian based on the covariant density functional theory has
been applied to study the the low-lying states of even-even 148−162Gd isotopes. The shape evolution from
148Gd to 162Gd is presented. The experimental energy spectra and intraband B(E2) transition probabilities
for the 148−162Gd isotopes are reproduced by the present calculations. The relative B(E2) ratios in present
calculations are also compared with the available interacting boson model results and experimental data.
It is found that the occupations of neutron 1i13/2 orbital result in the well-deformed prolate shape, and
are essential for Gd isotopes.
PACS. 21.10.Re Collective levels – 21.60.Ev Collective models – 27.70.+q 150 ≤ A ≤ 189
1 Introduction
The rare-earth region, which possesses many transitional
and well-deformed nuclei, is an ideal venue to study the
origination of deformation and collective motion. One in-
teresting and important example is the Gadolinium iso-
topes, the structures of which have attracted a large num-
ber of experimental and theoretical studies.
A well-known phenomenon in Gd isotopes is the pres-
ence of quantum phase transition. As pointed in Refs. [1,
2], 154Gd locates at the X(5) critical point of a vibrator
to axial rotor phase transition. The quantum phase tran-
sition in the Gd isotopes has been investigated by the
potential energy surfaces (PESs) within the framework of
microscopic mean-field theory. For the relativistic mean-
field (RMF) calculations, the shape transition between
spherical and axially deformed nuclei in rare-earth region
is investigated by the microscopic quadrupole constrained
RMF theory with the NL3 interaction [3], and the possible
critical point nuclei are suggested to be 150,152Gd. For the
results obtained from the relativistic Hartree-Bogoliubov
(RHB) calculations with NL3 [4], a relatively flat PES oc-
curs for the 150Gd. Whereas, the PES of 154Gd is not
flat and exhibits a deeper minimum in the prolate re-
gion and a shallower minimum in the oblate region. For
the non-relativistic case, a self-consistent Skyrme-Hartree-
Fock plus BCS calculations is performed [5]. In this case,
the transitional behavior for 152,154Gd is found, and the
a sqzhang@pku.edu.cn
flat behavior, which is one of the expected characteristics
of X(5) critical point symmetries, is not found in the PESs
of the N = 90 isotones. This is in agreement with rela-
tivistic mean-filed calculation [4]. Another non-relativistic
mean-field calculations was performed with self-consistent
Hartree-Fock-Bogoliubov approximation based on the finite-
range and density-dependent Gogny interaction [6], in-
cluding 152,154Gd. In the case of X(5) candidates, a shape
transition from spherical to well-deformed nuclei was found,
but the realization of the X(5) symmetry in terms of flat
(quadratic) patterns in the β2 (γ) potentials is uncer-
tain [6].
Another interesting investigation in the Gd isotopes is
the so-called partial dynamical symmetry (PDS) [7,8,9,
10]. In Ref. [11], the SU(3) PDS was proposed to be used
as a selection criterion for higher order terms in the gen-
eral interacting boson model (IBM) Hamiltonian. Taking
156Gd as an example, the SU(3) PDS improves the descrip-
tion of odd-even staggering of the γ band, which is absent
in the SU(3) dynamical symmetry. Systematic examina-
tions of SU(3) PDS in finite nuclei have been recently car-
ried out in Ref. [12]. The relative interband B(E2) ratios
of 47 deformed nuclei in the rare-earth region were first
compared with the available experimental data [12], in-
cluding 158Gd. Besides, the link between the concepts of
PDS and quasi-dynamical symmetry (QDS) [13,14] was
revealed by Kremer et al. in the ground-state band of
160Gd [15,16]. Such link has been further demonstrated
by Van Isacker [17].
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The microscopic density functional theory (DFT), which
starts from an effective nucleon-nucleon interaction and
self-consistently determines the nuclear mean-field by all
the independent particles inside, has achieved a lot of suc-
cesses in describing both the nuclear ground state and ex-
cited state properties [18,19,20,21,22]. Based on the DFT
or its covariant version CDFT, many properties of collec-
tive structures of nuclei are well described. In recent years,
five-dimensional collective Hamiltonian based on the co-
variant density functional theory (5DCH-CDFT) [23,24]
has been developed and extensively applied to describe the
collective properties such as the phase transitions [25,26,
27,28,29], shape evolutions [30,31,32,33,34,35] as well
as the low-lying spectra along with the isotopic and iso-
tonic chains in different mass regions [23,36,37,38,39].
The even 152−160Gd isotopes have been investigated by
the 5DCH-CDFT with PC-F1 parameter [23].
In the present paper, we will reinvestigate the 148−162Gd
isotopes in the framework of 5DCH-CDFT with the den-
sity functional PC-PK1 [39,40]. The purpose of this work
is twofold: (i) By starting from N = 84, the low-lying
states for the Gd isotopes will be discussed from the 5DCH-
CDFT perspective, and a complete structure evolution
from near spherical to well deformed nuclei will be clearly
illustrated. (ii) The relative B(E2) ratio, which is an ob-
servable closely related to the PDS, will be investigated.
The paper is organized as follows. In Sec. 2, a brief in-
troduction to the framework of 5DCH is given. In Sec. 3,
the potential energy surfaces, excitation spectra, intra-
band B(E2) transition probabilities and relative B(E2)
ratios etc., for even-even 148−162Gd isotopes obtained from
the 5DCH-CDFT are presented. Finally, a summary is
given in Sec. 4.
2 Theoretical Framework
A detailed formalism of the 5DCH has been presented in
numerous articles in literatures, see, e.g. Refs. [41,23]. In
this subsection, for completeness, a brief introduction is
presented.
The five-dimensional collective Hamiltonian, which could
simultaneously treat the quadrupole vibrational and rota-
tional excitations, is expressed in terms of the two de-
formation parameters β and γ, and three Euler angles
(φ, θ, ψ) ≡ Ω that define the orientation of the intrinsic
principal axes in the laboratory frame,
Hˆcoll(β, γ) = Tˆvib(β, γ) + Tˆrot(β, γ,Ω) + Vcoll(β, γ). (1)
The three terms in Hˆcoll(β, γ) are respectively the vibra-
tional kinetic energy
Tˆvib =− h¯
2
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the rotational kinetic energy
Tˆrot =
1
2
3∑
k=1
Jˆ2k
Ik , (3)
and the collective potential Vcoll. Jˆk (k = 1, 2, 3, ) denote
the components of the angular momentum in the body-
fixed frame of a nucleus, and the mass parameters Bββ ,
Bβγ , Bγγ , as well as the moments of inertia Ik depend
on the quadrupole deformation variables β and γ. Two
additional quantities that appear in the Tˆvib term (2), r =
B1B2B3 and w = BββBγγ − B2βγ , determine the volume
element in the collective space.
The eigenvalue problem of the Hamiltonian (1) is solved
using an expansion of eigenfunctions in terms of a com-
plete set of basis functions that depend on the five collec-
tive coordinates β, γ and Ω (φ, θ, ψ) [23]. Using the ob-
tained collective wave functions
Ψ IMα (β, γ,Ω) =
∑
K∈∆I
ψIαK(β, γ)Φ
I
MK (Ω), (4)
various observables such as electric quadrupole transition
probabilities can be calculated,
B(E2;αI → α′I ′) = 1
2I + 1
|〈α′I ′||Mˆ(E2)||αI〉|2, (5)
where Mˆ(E2) is the electric quadrupole operator [23].
In the framework of 5DCH-CDFT, the microscopic col-
lective parameters of 5DCH are all determined from the
CDFT, which include the mass parameters Bββ, Bβγ , and
Bγγ , the moments of inertia Ik, and the collective poten-
tial Vcoll. The moments of inertia are calculated with the
Inglis-Belyaev formula and the mass parameters from the
cranking approximation. Vcoll is obtained by subtracting
the zero-point energy corrections from the total energy
that corresponds to the solution of constrained triaxial
CDFT. Detailed formalism can be found in Ref. [23].
3 Results and discussion
The main purpose of this study is a microscopic analy-
sis for the collective potential energy surfaces, low-energy
collective spectra, relative B(E2) transition ratios etc.,
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Fig. 1. (Color online) The potential energy surfaces of even-even 148−162Gd isotopes in the β-γ planes calculated by constrained
triaxial covariant density functional theory with PC-PK1 [40]. All energies are normalized with respect to the binding energy
of the absolute minimum (labeled by a red dot). The energy difference between the neighbouring contour lines is 0.5 MeV.
in the even 148−162Gd isotopes using the CDFT-based
5DCH model. To determine the collective parameters for
the 5DCH, we perform a constrained RMF plus BCS (RMF+BCS)
calculation, with the effective interaction in the particle-
hole channel defined by the point-coupling density func-
tional PC-PK1 [40], and a density-independent δ-force in
the particle-particle channel. The strength parameter of
the δ-force is 349.5 MeV fm3 (330.0 MeV fm3) for neu-
tron (proton), which is determined by fitting the empiri-
cal neutron (proton) pairing gap [40]. The Dirac equation
is solved by expanding the Dirac spinor in terms of the
three dimensional harmonic oscillator basis with 14 major
shells.
3.1 Potential energy surfaces
Firstly, to get a comprehensive understanding of the shape
evolution in Gd isotopes, the PESs of even-even 148−162Gd
isotopes, calculated by constrained triaxial CDFT with
the PC-PK1 [40] density functional are shown in Fig. 1 in
the β-γ planes.
For 148Gd, the minimum of the PES locates at β = 0.1
and γ = 60◦, indicating that the ground state of 148Gd is
of slight oblate deformation. Meanwhile, the potential en-
ergy in the region of |β| ≤ 0.1 exhibits a rather weak
dependence on both β and γ. With two more neutrons,
the ground state of 150Gd is prolate with β = 0.15, and
its PES around the ground state is extremely flat in the
γ direction, where a tunnel connecting the prolate and
oblate shapes can be seen. With further more neutrons,
the quadrupole deformation β of Gd isotopes increases
from β = 0.15 (150Gd) to 0.25 (152Gd), to 0.3 (154Gd),
and to 0.35 (156Gd), with the triaxial deformation param-
eter keeping at γ = 0◦. Continuing to add neutrons, the
deformations of the ground states of 158,160,162Gd become
the same as that of 156Gd, i.e., β = 0.35 and γ = 0◦. It
is noted that the potential rigidness along both β and γ
directions become more and more rigid with the increase
of the neutron number.
Thus, a clear shape evolution from weakly deformed
(148,150Gd) to soft prolate (152,154Gd) and to the well de-
formed prolate (156−162Gd) for the even-even 148−162Gd
isotopes is presented.
The PESs shown in Fig. 1, including the locations of
the minima, are consistent with the calculations with PC-
F1 parameter [23], except that the PESs with PC-PK1
parameter are slightly rigid in the γ direction. In addi-
tion, the PES of 154Gd in the present calculation does
not exhibit the flat behavior. This is consistent with the
previous mean-field calculations [4,5,6].
3.2 Collective energy spectra
With the collective parameters determined from CDFT,
the excitation energies and the collective wave functions
for each value of the total angular momentum I can be
obtained by diagonalizing the 5DCH Hamiltonian. As dis-
cussed in Ref. [23], in the 5DCH results, the γ and β
bands in the deformed and transitional nuclei are usu-
ally assigned according to the distribution of the angu-
lar momentum projection K. That is the excited states
with predominantK = 2 components in the wave function
are assigned to be γ band, whereas the states above the
yrast sequence characterized by dominant K = 0 compo-
nents are assigned to be β band. In Figs. 2, 3, and 5, the
low-lying excitation energy spectra for the ground state
bands, γ bands and β bands of Gd isotopes calculated by
5DCH are displayed, respectively. The available experi-
mental data [42] are also shown for comparison.
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Fig. 2. (Color online) The energy spectra for ground state bands in even-even 148−162Gd isotopes calculated by 5DCH model
based on CDFT in comparison with those available experimental data. The theoretical spectra Etot are normalized to the
experimental energy of 2+1 . Erot, Evib and Epot represent the energy contributions from the rotational, vibrational and collective
potential energy terms in the collective Hamiltonian. All the experimental data are taken from NNDC [42].
It is noted that currently, the inertia parameters are
calculated by the Inglis-Belyaev formula, which does not
include the Thouless-Valatin dynamical rearrangement con-
tributions and, thus would systematically underestimate
the empirical values remarkably. As illustrated in Ref. [43],
the Thouless-Valatin corrections are almost independent
of deformation and for a given nucleus the effective mo-
ment of inertia used in the collective Hamiltonian can sim-
ply be obtained by renormalizing the Inglis-Belyaev val-
ues by a constant factor. In the practical calculation, the
theoretical result of the 2+1 state is normalized to the cor-
responding experimental 2+1 energy. For the even-even Gd
isotopes from 148Gd to 162Gd, the factors are 1.889, 0.863,
0.818, 1.379, 1.500, 1.500,1.455 and 1.411, respectively.
In Fig. 2, the energies of the ground-state (g.s.) bands
in Gd isotopes obtained from 5DCH calculations are com-
pared with the available experimental data. The energy
contribution from each term of the collective Hamiltonian,
i.e., the rotational, vibrational and collective potential en-
ergy terms are also present, which are calculated through
the following form
Erot = 〈Ψ Iα|Tˆrot|Ψ Iα〉, (6)
Evib = 〈Ψ Iα|Tˆvib|Ψ Iα〉, (7)
Epot = 〈Ψ Iα|Vcoll|Ψ Iα〉. (8)
In Fig. 2, to illustrate the deviation of Etot from the
ideal SU(3) character, a line calculated by c∗I(I+1) form
is also included, in which the coefficient c is determined
by the E(2+1 ). As shown in Fig. 2, the agreements between
the theoretical energy spectra and the experimental data
for Gd isotopes are overall good. For the light 148,150Gd
isotopes, the theoretical results predict larger energy spac-
ing. It is noted that in the experimental ground state band
of 148Gd, the energy spacing decreases with spin when
I ≤ 6h¯. As indicated in Refs. [44,45], the yrast 0+, 2+,
4+, and 6+ states in 148Gd are formed by the coupling of
the two 1f7/2 neutron, which does not belong to the collec-
tive excitation and is beyond the scope of our description.
Besides, 148Gd is almost a doubly magic nucleus, in which
the neutron number is close to the magic number N = 82
and the proton number Z = 64 is also sometimes regarded
as a kind of magic number, and this is the main reason why
the shell-model approach gives better results. The energy
spectra for both the experimental and theoretical ground
state bands deviate significantly from the ideal rigid ro-
tor. The energy contributions Erot, Evib and Epot indicate
that the increase of energy with spin comes from both the
rotational and collective potential terms. This could be
understood that due to the soft PES, the deformation of
148,150Gd will increase significantly with the increase of an-
gular momentum, which is similar to the picture of ‘tidal
wave’ [35]. For 152,154Gd, the theoretical results overesti-
mate the experimental data a little. However, the trends
of the level spacing increasing slightly with spin in the
experimental ground state bands are still reproduced by
the calculations. For 156−162Gd, the experimental data are
well reproduced by the 5DCH calculations, both of the
experimental data and theoretical values obey the rule of
I(I + 1) approximately, indicating that the ground state
bands have the SU(3) character. Due to the stable shapes
of 156−162Gd, the increase of the ground state bands en-
ergies all come from the rotational term, while Evib and
Epot keep constant with the increase of spin, as can be
seen in Fig. 2.
For the γ bands shown in Fig. 3, the agreements be-
tween the theoretical results and available experimental
data are good. For 152Gd, the energy difference of the
bandhead between the experimental and theoretical val-
ues is about 350 keV, and for all the other nuclei the dif-
ferences are smaller than 150 keV. The increasing behav-
iors for the γ bands in 156−162Gd are consistent with the
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Fig. 3. (Color online) The energy spectra for γ bands in even-even 148−162Gd isotopes calculated by 5DCH model based on
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I(I + 1) lines, indicating that the SU(3) symmetries are
still conserved.
The γ band staggering parameter
S(I) =
[E(I)− E(I − 1)]− [E(I − 1)− E(I − 2)]
E(2+1 )
is an indicator of the triaxial softness/rigidness [46,47].
For a vibrator, the S(I) oscillates between negative values
for even-spin states and positive values for odd-spin states,
with the magnitude keeps at |S(I) = 1|. For a nucleus with
a deformed γ-soft potential, the S(I) oscillates between
negative values for even-spin states and positive values
for odd-spin states, with the magnitude slowly increasing
with spin. In the limit of an axially symmetric rotor, the
S(I) values are positive, small (0.33), and constant as a
function of spin.
In Fig. 4, we plot the theoretical staggering parame-
ters S(I) for the γ bands in Gd isotopes, in comparison
with the available experimental data. Except 154Gd and
156Gd, the experimental staggering parameters are well re-
produced by the 5DCH calculations. For 148Gd, the S(I)
parameters are negative for even-spin states and positive
for odd-spin states and the magnitude of S(I) keeping
about one, indicating that 148Gd possesses the spherical
vibrator behavior. For 150,152,154Gd, the theoretical S(I)
parameters are negative for even-spin states and positive
for odd-spin states, close to that of a γ soft potential, and
is in consistent with the γ soft PESs shown in Fig. 1. For
156−162Gd, the theoretical S(I) parameters are close to a
constant value of 0.33, indicating the axial rotor character.
The difference between the theoretical values and experi-
mental data in 154Gd may be due to the too soft potential
predicted by CDFT, while the difference in 156Gd may be
due to the too rigid potential predicted by CDFT.
The rotational band built on the 0+2 state in deformed
rare-earth nuclei has been usually labelled as β-band for
many years. In the present work, we also follow such con-
vention. But it is worth mentioning that the nature of the
lowest-lying excited 0+2 state is still debated heavily. The
investigation by Garrett et al. shows that most of the 0+2
states are not β vibrations [48,49]. For the β bands, as can
be seen in Fig. 5, the calculations do not reproduce the
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Fig. 5. (Color online) The energy spectra for β bands in even-even 148−162Gd isotopes calculated by 5DCH model based on
CDFT in comparison with those available experimental data. Erot, Evib and Epot represent the energy contributions from the
rotational, vibrational and collective potential energy terms in the collective Hamiltonian. All the experimental data are taken
from NNDC [42].
data as well as the ground state bands and the γ bands.
The calculated bandhead energies of β band 0+2 are al-
ways higher than the data. This could be understood by
the fact that the bandhead energy of the β band depends
on the mass parameters rather sensitively. In the present
calculations, the mass parameters are underestimated due
to the absence of Thouless-Valatin dynamical rearrange-
ment contributions. One may adjust the mass parameters
to reproduce the experimental values. However, the mass
parameters are so complicated, that there are no simple
estimates of the Thouless-Valatin corrections can be ob-
tained [50]. Furthermore, the current model does not con-
tain the coupling of nuclear shape oscillations with pair-
ing vibrations [51]. The excitation energy of the 0+ is also
very sensitive to such coupling [27]. Here, we would like to
mention that, the energies of the ground state band and
γ band do not evidently depend on the mass parameters.
Therefore, despite the lack of pairing vibration coupling
in the mass parameters, the g.s. and γ bands can still be
well reproduced. Although the β band energies are overes-
timated by the calculations, the experimental feature for
the β bands can be still reproduced. That is the experi-
mental and theoretical β bands both behave as rotational
bands.
For 156−162Gd, the SU(3) characters for the β bands
are a little different from those in the g.s. and γ bands.
Generally, the Etot of β bands in the
156−162Gd are con-
sistent with the I(I +1) lines in the region of low angular
momentum. With the increase of the angular momentum,
the deviations of Etot from I(I + 1) become more and
more apparent. This indicates the break of SU(3) symme-
tries in the β bands. The deviations with increasing an-
gular momentum become smaller when the neutron num-
ber increases. The increase of the total energies comes
from the nuclear rotation, while the energy contributions
coming from the vibration and collective Hamiltonian re-
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in 148−162Gd. Theoretical values calculated with the PC-PK1
relativistic density functional are compared with the data [42].
main almost unchanged, due to the well-deformed shapes
of 156−162Gd as shown in Fig. 1.
For the energy spectra obtained from PC-F1, the in-
creasing trend with spin for the g.s., γ and β bands are
similar to those from PC-PK1, but the bandhead ener-
gies for the β bands from PC-F1 are about 250 keV lower
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for 156−160Gd, due to the softer PESs predicted by PC-
F1 [23].
3.3 B(E2) transition strength
The intraband B(E2) transition strength in the g.s., γ and
β bands are also shown in comparison with the available
data in Fig. 6. For 148Gd, the 5DCH calculation overes-
timates the data significantly. This may be because that
the excitation mode in 148Gd does not belong to the col-
lective excitation, as indicated in Refs. [44,45], the yrast
0+, 2+, 4+, and 6+ states are formed by the coupling of
the two 1f7/2 neutron. The available experimental data in
152−162Gd are well reproduced by the 5DCH calculations.
It is also found that in 154−162Gd, the B(E2) transitions
of the g.s. and β bands are similar, and the B(E2) val-
ues in the γ bands are smaller than those of the g.s. and β
bands. In addition, the increasing behaviors for the B(E2)
of each band in 156−162Gd are very similar, indicating sim-
ilar structures in these four nuclei.
The relative B(E2) ratios from IBM correspond to
parameter-free SU(3) PDS calculations and therefore they
are ideal quantities to decide about the validity or not of
the concept of SU(3) PDS for a given nucleus or model.
Fig. 7 presents the comparison of the relative B(E2) ratios
calculated by 5DCH with the available IBM results [12]
and experimental data [42,12] for Gd isotopes. The theo-
retical R4/2 ratios (R4/2 = E(4
+
1 )/E(2
+
1 )) are also shown
in the figure. It is found that the available experimen-
tal data display the general characteristic that the spin-
decreasing transitions are larger than the spin-increasing
transitions for 156−160Gd, except for the transition from
5+γ in
156Gd, which has an opposite behavior. The spin-
conservation transitions are the largest for transitions from
even-spin states in the γ bands. The data of 156−160Gd
can be well reproduced by the 5DCH theoretical calcula-
tions. For transitions from 3+γ , 4
+
γ , and 5
+
γ states in the
transitional nucleus 154Gd, the spin-increasing transitions
are larger than the spin-decreasing ones, and the transi-
tion from 2+γ to 0
+
1 is larger than that to 4
+
1 . The spin-
conservation transitions are also the largest for the tran-
sitions from even spin states in the γ band. The data of
154Gd can be also reasonably reproduced by the 5DCH
calculations.
For the results obtained from 5DCH, it is clearly seen
that for 148Gd, there only exist spin-conservation transi-
tions from the even-spin states and spin-increasing transi-
tions from odd-spin states in the γ band. The transitions
to other states in the g.s. band are so weak that they are
not visible. This can be explained by the vibrator selection
rules as emphasized in Ref. [52], that the spin-decreasing
transitions from non-yrast to yrast states are forbidden
due to the phonon number which can be only changed
by 1. Similar phenomena can be found in 150Gd. Only
the transitions from the 4+γ state in
150Gd are different
from those in 148Gd. For transitions from the 4+γ state in
150Gd, the transition to 6+1 is the largest, and the spin-
conservation transition is a bit small. For 152Gd, the rela-
tive relations for transitions from 3+γ , 4
+
γ , and 5
+
γ are sim-
ilar to those in 150Gd, and the spin-increasing transitions
are the largest, while the transitions from 2+γ in
152Gd
are different from those in 150Gd. The transition from 2+γ
to 4+1 is much larger than the transition to 2
+
1 , and the
spin-conservation 2+γ to 2
+
1 transition is the smallest. This
behavior can be understood by the significant mixing of
K quantum numbers between K = 0 and K = 2 of the γ
bandhead for 152Gd. The corresponding K distributions
of the γ band head are 52%, and 48% for K = 0 and
K = 2, respectively. For 154Gd, the 5DCH spin-decreasing
transitions are larger than the spin-increasing ones, ex-
cept for the transitions from the 5+γ state, which have an
opposite trend. The spin-conservation transitions are the
largest for the even-spin states in the γ band. The rela-
tive B(E2) transition ratios for 156−162Gd are similar to
those of 154Gd, with only small differences in the transi-
tion strength.
As shown in Fig. 7, the available IBM results show
good agreements with the data. For 158Gd, the differences
between IBM and 5DCH are smaller than those in 154Gd.
As described in Ref. [12], PDS systematically underesti-
mates the spin-increasing transitions and overestimates
the spin-decreasing transitions in the rare-earth region.
However, the discrepancies between the data and 5DCH
results are not systematical. This could be explained by
the fact that the 5DCH calculations have taken the con-
figuration mixing into account self-consistently. Further-
more, for 154−156Gd, the calculated transitions from the
5+γ states by 5DCH are opposite to the PDS descriptions,
which predict the 5+γ to 4
+
1 transition larger than the 5
+
γ to
6+1 transition. However, the transitions from 5
+
γ states to
6+1 are larger than those to 4
+
1 states calculated by 5DCH,
which are consistent with the experimental values, e.g., in
156Gd.
This agreement is not trivial, by including the config-
uration mixing effect self-consistently, the parameter-free
5DCH calculations can not only well reproduce the data
of relative B(E2) for well-deformed rotors 156−162Gd, but
also reproduce the data for the transitional nucleus 154Gd,
for which the SU(3) PDS is not expected to work [12].
From the 5DCH-CDFT calculations, it seems that 156−162Gd
may fulfil the concept of SU(3) PDS.
3.4 Quadrupole deformation
Experimentally, with the reduced quadrupole transition
probabilities, the deformation parameter β could be ex-
tracted [53,54]. In the framework of 5DCH, the deforma-
tion of a nucleus can be characterized by the average of
the invariant β2, β3 cos 3γ and their combination. Take β2
as an example, the average value of β2 in the state |αI〉 is
〈β2〉Iα = 〈Ψ Iα|β2|Ψ Iα〉 =
∑
K∈∆I
∫
β2|ψIα,K(β, γ)|2dτ0. (9)
The expectation values of the quadrupole deformation 〈β〉
and 〈γ〉 together with their fluctuations ∆β and ∆γ for
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Fig. 7. (Color online) Comparison of 5DCH predictions with the data on the relative γ band to ground state band E2 transitions
in even-even 148−162Gd isotopes. The red (black) bar are the 5DCH predictions (data). The available IBM results [12] (blue
bar) are also shown for comparison. The largest transition is taken as reference and normalized to 100 for each initial state. The
R4/2 values obtained by 5DCH are also given in the figure.
each given state can be obtained [23]
〈β〉 =
√
〈β2〉, (10)
〈γ〉 = arccos(〈β3 cos 3γ〉/
√
〈β4〉〈β2〉)/3, (11)
and
∆β =
√
〈β4〉 − 〈β2〉2
2〈β〉 , (12)
∆γ =
1
3 sin 3〈γ〉
√
〈β6 cos2 3γ〉
〈β6〉 −
〈β3 cos 3γ〉2
〈β4〉〈β2〉 . (13)
In Fig. 8, the obtained results from 5DCH calculations
for the ground states of Gd isotopes are presented. For
a comparison, the available experimental data [42] of β
deformation are also shown in Fig. 8 (a). It can be clearly
seen from Fig. 8 (a) that with increasing mass number, the
〈β〉 becomes larger and larger. This is consistent with the
results of CDFT as shown in Fig. 1, where the β values of
the minimal of the PES also increase as the mass number
increases. The available experimental data increase with
mass number. Clearly, the 5DCH calculations reproduce
the data rather well. For 148,152Gd, the data are a little
overestimated.
The trend of 〈γ〉 is opposite to that of 〈β〉, i.e., de-
creases with mass number. The 〈γ〉 starts from nearly 30◦
for 148Gd to 10◦ for 162Gd. It is noted that the 〈γ〉 dif-
ferences among 154−162Gd are quite small, which means
that 〈γ〉 has reached a stable value, and the triaxiality of
Gd isotopes becomes stable against the neutron number.
Similar phenomena can also be found in the PES figures.
The trends of ∆β and ∆γ for Gd isotopes are similar.
The shape fluctuation increases with mass number at first
up to 152Gd, then begins to decrease. This indicates that
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Fig. 8. (Color online) The deformation parameters 〈β〉 and
〈γ〉 as well as the corresponding fluctuations ∆β and ∆γ of
0+1 state in even-even
148−162Gd isotopes calculated by 5DCH
model based on CDFT. The experimental data [42] (black cu-
bic) are also presented.
152Gd is a transitional nucleus in the even-even 148−162Gd
isotopes.
In Fig. 9, taking 148,152,156,160Gd as examples, we plot
the 〈β〉 and 〈γ〉 together with the fluctuations of the quad-
rupole deformations ∆β and ∆γ, as functions of spin for
the ground state bands. For 148Gd, the 〈β〉 value increases
with spin, while the 〈γ〉 value decreases with spin rapidly.
For its quadrupole fluctuations ∆β and ∆γ, they exhibit
firstly increasing and then decreasing trends. The expec-
tation values of 〈β〉 and 〈γ〉 for 152Gd are similar to those
for 148Gd, but with larger a initial value 〈β〉 = 0.26 and
smaller initial value 〈γ〉 = 18◦. With the increase of spin,
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Fig. 9. (Color online) The deformation parameters 〈β〉 and
〈γ〉 as well as the corresponding fluctuations ∆β and ∆γ of
ground state bands in even-even 148,152,156,160Gd isotopes as
functions of spin calculated by 5DCH-CDFT.
〈β〉 will keep increasing while 〈γ〉 will finally reach a sta-
ble value of 〈γ〉 ∼ 12◦. The strong dependence on the spin
of the deformations presented here by 148,152Gd is associ-
ated to its PES, shown in Fig. 1, where the soft behavior
can be clearly seen. For 156,160Gd, all of the four quanti-
ties 〈β〉, 〈γ〉, ∆β, and ∆γ are almost independent of spin.
This indicates that the shapes of 156,160Gd are so stable
that their deformations do not change with spin. Thus,
the energy spectra for 156,160Gd shown in Figs. 2, 3, and
5 exhibit the rigid rotor behaviors.
3.5 Single particle levels
To investigate the shape evolution in Gd isotopes micro-
scopically, the neutron and proton single-particle levels as
functions of the quadrupole deformation β in Gd isotopes
obtained from the CDFT are illustrated. As the single par-
ticle levels for the Gd isotopes are similar, here, we only
take 156Gd as an example, as shown in Fig. 10. The de-
formations of the ground states in Gd isotopes are also
marked in the last occupied levels.
For 148Gd, which possesses a near spherical oblate shape,
the last neutron occupies the 1h9/2 orbital and the levels
around the minimum are very dense in both neutron and
proton single particle levels, which means that the con-
figuration is easy to change. This corresponds to the soft
character around β ∼ 0.1 of 148Gd as shown in Fig. 1. For
150−152Gd, the last neutron still occupies the 1h9/2 orbital,
while the level densities around the minimum point be-
come less dense than 148Gd. As a result, the PESs become
a bit more rigid. With two more neutrons, the orbital oc-
cupied by the last neutron in 154Gd changes to the 1i13/2.
As an intruder orbital, the interaction between the 1i13/2
and the adjacent negative parity 1h9/2 levels is very weak,
therefore, the ground state configuration of 154Gd becomes
relatively stable. With the increase of neutron numbers,
more neutrons occupy the 1i13/2. Thus, the ground state
configurations of 156−162Gd are difficult to change. Be-
sides, a clear energy gap could be seen around the last
occupied levels in the 156−162Gd. As a result, the PESs of
156−162Gd show well-deformed characters. The occupied
1i13/2 levels in the ground states of Gd isotopes make the
deformations so stable that even do not change with the
increase of angular momentum, as shown in Fig. 9.
As for the proton single particle levels, the last occu-
pied level is 2d5/2 in
148Gd, and 1h11/2 for all the other
nuclei. Since the proton numbers for the Gd isotopes are
identical, the difference of the occupation situations is
caused by different neutron numbers. Therefore, the oc-
cupations of neutron 1i13/2 levels, which lead to the well-
deformed prolate shapes of 156−162Gd and result in the
rigid rotor behavior for the energy spectra, are essential
for these isotopes.
4 Summary
In conclusion, the low-lying states for the even-even 148−162Gd
isotopes have been investigated in the framework of 5DCH-
CDFT. A clear shape evolution from weakly deformed
148,150Gd to γ-soft 152,154Gd to well-deformed prolate 156−162Gd
has been presented. The shapes of 156−162Gd are all well-
deformed prolate with the minima located at β ∼ 0.35,
and these deformations are almost independent on the
angular momentum. The available experimental data are
reproduced by the calculations, including the energy spec-
tra, γ band staggering and intraband B(E2) transition
probabilities for ground-state γ and β bands. From the
energy spectra, it is found that the SU(3) symmetry is
conserved approximately in the ground state and γ bands,
while broken in the β bands. Furthermore, by including
the configuration mixing self-consistently, the 5DCH cal-
culations can not only describe the relative B(E2) ratios
for the PDS candidates 158Gd well, but also reproduce
the relative B(E2) ratios for transitional nucleus 154Gd.
It is found that the occupations of neutron 1i13/2 orbitals,
which lead to the stable PESs of 156−162Gd, are essential
for these isotopes.
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